Introduction
In the last few years a new type of string theory has been proposed [1] . In contrast with traditional string theories, this new model contains only a finite number of states, namely, only the massless modes. Also, it has been shown that this string theory reproduces the scattering formulae of Cachazo et.al. [2, 3, 4] for tree level massless field theories in ten dimensions.
The state-operator correspondence of conformal field theories imply that the states used to compute scattering amplitudes can also be used to deform the worldsheet action. This was investigated in [5] where it was found that the closure of worldsheet symmetry algebra gives the bosonic part of the ten dimension supergravity equations of motion. The most interesting aspect of the computation is that it is an exact result. There are no α ′ corrections to these equations. This comes from the fact that there are no massive states to be integrated over.
In a previous paper [6] we described how to couple pure spinor version of the ambitwistor string [7] to a general type II supergravity background. We found BRST symmetry was not enough to impose constraints on the background, as opposed to the usual case [8] . In flat space it appears that only BRST symmetry is enough to impose on-shell conditions on the vertex operators. However, we found out that there exist additional local symmetries which cannot be ignored in curved space. We called the generators of these symmetries K and H. K is a ghost number one charge and H is a conformal weight two current. Nilpotency of the BRST charge Q determined the nilpotency constraints of [8] associated to the torsion and the curvature. While the nilpotency constraints of [8] associated to the Kalb-Ramond field came from BRST invariance of K. Then, nilpotency of Q +K should provide all the nilpotency constraints of [8] . In this case, Q +K should be the BRST charge of the theory [9] . It remains to find a new H which is BRST invariant under the new BRST charge. We will construct such operator here and its BRST invariance gives the holomorphicity constraints of [8] . Note that, the model the we consider is holomorphic, then holomorphicity of the BRST current is automatic. In [6] , it was suggested that the constraints associated to the conservation of the BRST current in the normal pure spinor string in a curved background [8] , are replaced by the existence of a BRST invariant and conformal weight two world-sheet field, which corresponds to H. It would be interesting to understand the origin of this field and to relate it with the mass-shell condition. In this way, we complete the program suggested in [6] . This paper is organized as follows. In Section 2 we give a brief description of the ambitwistor pure spinor string in flat background. We also describe the necessary modifications to supersymmetry transformations in order to preserve the new BRST charge. In Section 3 we discuss the supergravity background and the new H constraint. Then we show that nilpotency of the new BRST change and BRST invariance of the H imply all supergravity constraints. We conclude the paper in Section 4 with some open questions to be addressed in the future.
Ambitwistor superstring in a flat background
The ambitwistor superstring in a flat background is described by the world-sheet
where (X, θ, θ) are the coordinates of the flat ambitwistor superspace, (P, p, p) are the momentum conjugate variables of (X, θ, θ). The pure spinor variables (λ, λ) are constrained by λγ m λ = λγ m λ = 0, where the matrices γ m αβ and γ m α β are the 16 × 16 symmetric gamma matrices in ten dimensions. The variables (ω, ω) are the momentum conjugate variables of the pure spinors. In [7] , the usual pure spinor BRST charge was used to quantize this system. The BRST charge is given by
where
3)
It was noted in [6] that the action (2.1) has a symmetry generated by
where B is the Kalb-Ramond potential in flat space and the terms · · · make (2.4) supersymmetric and BRST invariant. Note that (2.1) has a further BRST invariant symmetry generated by
In [6] , the action (2.1), the BRST charge (2.2) and the symmetry (2.4) were generalized to curved background. The background supergeometry is constrained by imposing BRST invariance. It was found that nilpotency of the BRST charge and BRST invariance of the curved space version of (2.4) impose the so-called 'nilpotency' constraints of type II supergravity in [8] . Part of the remaining constraints of type II supergravity were determined in [6] by imposing BRST invariance of the curved space version of (2.5). The 'holomorphic' constraints of [8] involving H = dB were not obtained. Our purpose is to determine these constraints. To achieve this, it is necessary to modify the BRST charge and supersymmetry in flat space first. The idea is that the BRST charge is the sum of (2.2) and the generator of (2.4). Another way to see this is to modify (2.3) to
It is necessary that (p, p, P ) transform under space-time supersymmetry to make (d, d) supersymmetry invariant. The supersymmetry transformations are given by
The supersymmetric generalization of ∂X m is
and similarly for ∂X m . It turns out that d, d and the action are supersymmetric if (p, p, P ) transform as
, there are other two supersymmetric combinations. They are
Note that the supersymmetric world-sheet fields P ± , Π are not independent. They satisfy
The non zero OPE's between the supersymmetric variables are
Using the supersymmetric variables, the action (2.1) can be written as
Note that the last two lines can be expressed as Π A Π B B BA , where B is the KalbRamond field in a flat space-time. We now verify that the action (2.18) is supersymmetric and BRST invariant. Under the former, the action changes to
Consider the terms involving ε. The terms with X are proportional to
which vanishes after integrating by parts. The other terms involving ε are proportional to
If we use the Fierz identity for gamma matrices 3 , this expression is equal to
If, instead of this, we integrate by parts we obtain that the same expression is equal to
Therefore, something that is equal to −2 times itself has to vanish. A similar calculation is obtained for the terms involving ε in the supersymmetric variation of (2.18).
To verify the BRST variation of the action, we need the BRST transformations of the world-sheet fields. They can be obtained by using the OPE's (2.13)-(2.17) 4 . We obtain that (λ, λ) are invariant, Qθ = λ, Q θ = λ, Qω = d, Q ω = d and
19)
Using the above transformations it is straightforward to verify that the action is invariant under the BRST transformations. Note that the variable P m is no longer BRST invariant. Its transformation is given by The immediate consequence is that (2.5) is no longer BRST invariant and needs to be modified. It is replaced by
which is supersymmetric and BRST invariant. Note that H looks like the stress-tensor but it is independent of it.
In the next section we will study the above model in a curved background. The type II supergravity constraints will be obtained by the nilpotency of the BRST charge and BRST invariance of the curved space version of (2.21).
Ambitwistor superstring on a type II supergravity background
In this section we study the model described above in a generic curved background. The action is the covariantization of (2.18), that is
, with E M A being the vielbein superfield, and Z M are the coordinates of the curved ten-dimensional superspace. The covariant derivatives are defined with the background Lorentz connections, that is,
Note that (3.1) is reduced to (2.18) in the flat space limit. To verify this, we express P, d, d in terms of canonical conjugate variables (λ, ω), ( λ, ω) and (Z M , P M ). Recall that P M is given by
The values of the background fields in flat space are known. The spin connection Ω vanishes, the non-zero components of the B field are
and the non-zero components of the vielbein are
Using these values, one can check that d, d become (2.6), and P becomes
A field redefinition of d, d and P can eliminate B AB from the action, but this changes Q and H defined bellow. We found it is simpler to keep B AB in (3.1).
The BRST charge is
The BRST transformations 5 of the pure spinor variables are
where 6) are field-dependent Lorentz rotations. The BRST transformations of the other fields are given by
where T A is the torsion superfield, R A B is the curvature superfield and H = dB. Recall that the torsion and curvature super two-forms are given in terms of the super one-forms vielbein E A and connection Ω A B according to
where the wedge product between super forms is assumed and d = dZ M ∂ M is the exterior derivative in superspace.
The computation of Q 2 can be obtained by applying Q to itself and using (3.7) and (3.8). We obtain
Therefore, the nilpotency of Q implies the constraints
which are part of the type II supergravity constraints. The remaining type II supergravity constraints come from the BRST invariance of the curved space generalization of (2.21). It is given by
The superfields (P, C, C, S) are constrained as consequence of the BRST invariance of H. It turns out that they are the same superfields appearing in [8] , that is, P contains the Ramond-Ramond field-strengths of type II supergravity, C, C contain the dilatini and gravitini field-strengths of type II supergravity and S contains the curvature of type II supergravity.
Using the BRST transformations of the world-sheet fields, one obtains that Q acting on (3.14) gives
Therefore, BRST invariance of H implies the holomorphic constraints for type II supergravity of [8] . They are,
The constraints (3.11)-(3.13) and (3.16)-(3.27) imply that the background satisfies the equations of type II supergravity in ten-dimensional superspace [8] .
Conclusion and further directions
In this paper we have described how to obtain on-shell type II supergravity from a reduced set of worldsheet constraints. The computation is done at semi-classical level and it is likely that a full quantum computation will require a modified version of the constraints, as in [5] . It would be very interesting to understand how possible quantum corrections cancel in order to preserve all the constraints. We plan to investigate this problem in the future.
However, the most important issue to understand regards physical states and vertex operators. The vertices discussed by Berkovits in [7] are no longer physical. Furthermore, the integrated version does not appear to have B mn potential and its BRST invariance does not fix completely the prepotentials A α and A α . If we compare with the usual pure spinor string, the set of constraints we obtain from H is the same set obtained from conservation of the BRST charge [8] . This is directly related to the action and we know that in the usual case fluctuations of the action define the integrated vertex operator. It is likely that for the ambitwistor string the integrated vertex operator is given by fluctuations of H. This seems to be the case for the original Mason-Skinner string. The unusual delta function in the integrated vertex operators seem to be related to the Lagrange multiplier for the H constraint. It would be useful to make this connection clearer in the path integral with the inclusion of a Nakanishi-Lautrup field.
Another interesting question is how the AdS 5 × S 5 case is modified. In [6] we have shown that the sigma model for this background is much simpler than the usual case, the global P SU (2, 2|4) symmetry is promoted to a chiral Kac-Moody symmetry. Furthermore, the H constraint was shown to be the square of the Kac-Moody current, like a Sugawara current. It is not clear if this will continue to hold after the modifications discussed in the present work. Since modified the supersymmetry transformation, it is likely that we will have to modify the P SU (2, 2|4) symmetry.
Note added: After the present work was made public, the paper [11] appered. In that work the author gives further evidence that the coholomology of the original BRST charge of [7] does not give the correct spectrum. Following the ideas presented here, the author constructs a pair of b-ghosts and shows that the stress-energy tensor of the model described here is BRST-exact. We hope that we can use these results together with the ideas described in the paragraph above to construct the correct vertex operators for the ambitwistor pure spinor string.
